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Abstract 
In this paper, we propose a local and contextual controlled (LCC) fourth order PDE method for noise removal. In 
our method, two discontinuity measures are incorporated into a LCC fourth order PDE, where the joint use of the two 
discontinuity measures leads to a complementary effect for edge preservation. Moreover, the proposed method 
inherits the advantage of fourth order PDE which is able to avoid the blocky effects widely seen in images processed 
by second order PDE. Compared with existing four order PDEs, our proposed method can remove isolated speckles 
and keep the edges from being blurred. The numerical experiments show that the proposed method can outperform 
the pre-existing methods in terms of the quality of the processed image. 
© 2011 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of Harbin University 
of Science and Technology 
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1. Introduction  
The use of partial differential equation (PDE) for image denoising has become a major research topic 
in the past few years. They include anisotropic diffusion equations [1-4] and total variation models [5] as 
well as curve evolution equations [6]. One of the most popular and successful methodologies for image 
denoising is the use of the anisotropic diffusion equations which was first introduced by Perona and Malik 
[1]. Let u  denotes the image intensity function, t  the time, and ( )c ⋅  the conductance coefficient, the 
authors proposed to consider the following second order nonlinear diffusion model (PM second order 
PDE) 
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where ∇⋅  and ∇  denote the divergence and the gradient, respectively. It was designed with explicit goal 
of achieving a good trade-off between noise removal and edge preservation. Although the PM second 
order PDE and its variances are much better in image denoising, these methods tend to cause blocky 
effects in processed image. In Ref. [7-8] it is noted that the PM second order PDE is a second order model. 
This feature guaranties its ability to reconstruct images with discontinuities, but is responsible for the 
block effect. 
In recent years, a number of authors have presented analogous fourth order partial differential 
equations (PDE) for image denoising [8-12]. In [8], You and Kaveh proposed the following fourth order 
PDE
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where 2∇ denotes Laplacian operator. Note that the YK fourth order PDE replaces the gradient operator 
in PM second order PDE with a Laplacian operator. Due to the fact that the Laplacian of an image at a 
pixel is zero only if the image is planar in its neighborhood, the YK fourth order PDE attempts to remove 
noise and preserve edges by approximating an observed image with a piecewise planar image. Therefore, 
the denoised image will look less blocky and more nature than that processed by PM second order PDE. 
However, the YK fourth order PDE tends to leave the processed images with isolated black and white 
speckles. In order to remove the isolated speckles, You and Kaveh proposed using median filtering to 
process the images by YK model. A recently developed method known as hybrid model of fourth order 
PDE [10] try to deal with this problem by attaching a relaxed median filter (RMF) [11] at the end of the 
YK fourth order (denoted as “YK model + RMF”). These two methods can degrade the image to some 
degree. The main reason is that the ordering process destroys some structures and spatial neighborhood 
information.As mentioned earlier, YK fourth order PDE leave the processed images with isolated black 
and white speckles, while the improved versions of YK fourth order PDE can degrade the image to some 
degree when removing the isolated speckles. In the following section, we will address this problem. 
In this paper, a local and contextual controlled (LCC) fourth order PDE method is presented. In our 
method, the fourth order PDE is integrated with local and contextual discontinuity measures. As a result, 
fine details, sharp corners, curved structures and thin lines are preserved. Experimental results show an 
improvement in ISNR and subjective quality of the restored image. 
The remainder of this paper is organized as follows. Section 2 presents the LCC fourth order PDE. 
Numerical experiments are presented in Section 3 and the paper is concluded in section 4. 
2. Local and contextual controlled (LCC) fourth order PDE method 
The ability of edge preservation in the fourth order PDE-based denoising method strongly depends on 
the conductance coefficient. The desirable conductance coefficient should be diffused more in smooth 
areas and less around less intensity transitions, so that small variations in image intensity such as noise 
and unwanted texture are smoothed and edges are preserved 
It is well known that discontinuity in an image likely correspond to important features. However, noise 
corruption can generate discontinuities as well. Therefore, how to measure discontinuities is very 
important. In Ref. [12], Chen first described two discontinuities measures, local and contextual, and then 
proposed an adaptive smoothing algorithm by combining the two discontinuity measures for synergy in 
preserving edges and noise removal. Essentially, they would like local discontinuity to detect the details 
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of local structures and contextual discontinuities to specify where important features are in a given image. 
Inspired by the ideas of Ref. [12], we use the local and contextual discontinuity (LCC) measures in the 
fourth order PDEs to efficiently control the diffusion behavior. It is expected that the joint use of the two 
discontinuity measures leads to a complementary effect for edge preservation. Therefore, the diffusion 
function with the form of adaptive smoothing in the proposed fourth order PDE is defined as 
2 2
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where (1)xyB  is the nearest neighborhood of pixel ( , )x y . ( , )x yυ  and ( , , )x y tω  are defined as 
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where ( , )H x y  defined the contextual discontinuity measure [19], h ( 0 1h< < ) is used to determine 
to what extent potential important features should be preserved in terms of contextual discontinuities, and 
parameter s  ( 0s > ) determines to what extent local discontinuities should be preserved during 
smoothing. 
In (3), the υ  term encodes the effect of intrinsic contextual discontinuities while the w  term encodes 
the effect of local discontinuities during noise removal and edge preservation. Assuming that the adjacent 
pixels of ( , )x y  have similar contextual discontinuities, w  would play a dominant role for noise 
removal and feature preservation. Conversely, if the adjacent pixels of ( , )x y  have different contextual 
discontinuities, weights for diffusion would be determined by both contextual and local discontinuities. 
Here, we emphasize that the joint use of the two measures leads to a complementary effect for edge 
preservation and noise removal. 
Based on the proposed LCC diffusion function in (3), the proposed LCC fourth order PDE has the 
following form 
2 2
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Given an image, ( , ,0)u x y  denotes the original intensity of pixel ( , )x y , we use the explicit Euler 
scheme with a forward difference scheme for the time derivative, the central difference scheme with a 
3 3×  kernel for the spatial derivatives, and the 8-neareast neighborhood discretization of the Laplacian 
operator to compute the Laplacian of the image. We summarize the propose LCD based fourth order PDE 
method as follows: 
Step 1: Initialization. 
(1.1) Input a given image u ;
(1.2) Set parameters a , k , h , s  for diffusion function, and T  for iteration number. 
Step 2: For each pixel ( , )x y , ( , )x yυ  is computed by contextual discontinuity measure (4). 
Step 3: Iterate until t T=
(3.1) Using the central difference scheme to calculate the gradient of the image intensity 
function; 
(3.2) For each pixel ( , )x y , ( , , )w x y t  is computed by (5); 
(3.3) Using the 8-neareast neighborhood discretization of the Laplacian operator to compute 
the Laplacian of the image and calculating the diffusion function ( , , )c x y t  by (3); 
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(3.4) Using the 8-neareast neighborhood discretization of the Laplacian operator to compute 
the Laplacian of 2( , , ) ( , , ) ( , , )g x y t c x y t u x y t= ∇ ;
(3.5) Use the explicit Euler scheme with a forward difference scheme for the time derivative, 
then LCC fourth order PDEs is performed to update ( , , )u x y t :
2( , , 1) ( , , ) ( , , )u x y t u x y t t g x y t+ = −Δ ∇ ,                                          (7) 
where tΔ  is the time step. 
3. Experimental results 
In this section, we present numerical results obtained by applying our proposed fourth order PDE to 
image denosing. We test the proposed method on “Barbara” image with size  (taken from USC-SIPI 
image database) and “License plate” image with size . These two images are shown in Fig. 5. The value 
chosen for the time step size  is 0.25. To verify the effectiveness of our proposed fourth order PDE 
method for image denosing, it was evaluated in comparison with PM second order PDE [1], YK fourth 
order PDE [8], and YK fourth order PDE + RMF [10]. 
In Fig. 1, we present another example of the performance of the LCC fourth order PDE method for 
image noise removal. Fig. 1 shows evolution of the noisy “Barbara” image with additive Gaussian white 
noise of 25σ = using the PM second order PDE ( 5k = ), the YK fourth order PDE ( 0.5k = ),  the YK 
fourth order PDE+ RMF ( 0.5k = ), the LC fourth order PDE ( 0.5k = ), and ( 0.5k = , 4a = ). Table 
1 shows the ISNR values corresponding to Fig. 1. It is evident from the comparative results that textures 
are also recovered well by our proposed method.  
(a)                                             (b)                                          (c) 
(d)                                             (e)                                              (f) 
Fig. 1. Comparison of different methods on “Barbara” image for image denoising. (a)Original imag; (b) Noised image; (c) PM 
second order PDE [1]; (d) YK fourth order PDE [8]; (e) YK fourth order PDE + RMF [10]; (f) LCC fourth order PDE. 
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Table 1  ISNR (dB) values for “Barbara” image 
Image Barbara 
PM second order PDE 2.9755 
YK fourth order PDE 3.1503 
YK fourth order PDE+RMF 3.1990 
LCC fourth order PDE 3.3972 
4. Conclusion 
An effective denoising method based on a local and contextual controlled fourth order PDE is 
presented. The major advantages of our method are summarized as follows. The two distinct discontinuity 
measures are jointly used for image noise removal. As a result, fine details, sharp corners, curved 
structures and thin lines are preserved. The proposed method inherits the advantage of fourth order PDE 
which is able to avoid the blocky effects widely seen in images processed by second order PDE. 
Compared with existing four order PDEs, our proposed fourth order PDE can remove isolated speckles 
and keep the edges from being blurred. Experimental results from our LCC fourth order PDE show an 
improvement in ISNR and subjective quality of the restored image. 
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